This paper extends the study of the cardinality impact on the portfolio performance, from the traditional mean-variance framework to more general frameworks that include higher moments. For each framework, we propose a bi-objective model that allows the investor to explicitly analyse the efficient tradeoff between expected utility and cardinality. We applied the proposed methodology to data from the Portuguese Stock Index (PSI20 index). The empirical results show that, in-sample, the certainty equivalent and the Sharpe ratio increase with the cardinality level in all frameworks. The results also suggest that there are no performance gains, in-sample, in terms of certainty equivalent, when higher moments are considered. Out-of-sample, the turnover increases up to a certain cardinality level, then decreases. For certain cardinality levels, there are gains in terms of out-of-sample certainty equivalent and Sharpe ratio, when skewness and kurtosis are considered. Finally, we check the robustness of these results in a large dataset from the EUROSTOXX50 index.
Introduction
Efficient wealth allocation is a crucial and challenging task faced by both individual and institutional investors. Since the classical Markowitz mean-variance model (Markowitz, 1952) , it became evident that it is important to analyse both the risk and expected return of portfolios. In the classical model, the investor deals with the risk/return tradeoff by means of a bi-objective mean-variance optimization model, whose solution is given as a Pareto front (the efficient frontier). Efficient portfolios can be seen as those which have the minimum variance among all feasible portfolios for a certain level of expected return. The classical model can be seen as a two-stage problem: in the first-stage, the parameters (covariance matrix and vector of expected returns) are estimated based on historical data and, in the second-stage, the mean-variance optimization is performed. Thus, in the first-stage there is some degree of estimation error that is "optimized" in the second-stage (Michaud, 1989) . Therefore, the mean-variance portfolios tend to be very unstable and to exhibit a poor out-of-sample performance. Furthermore, the classical model implicitly assumes that returns follow a normal distribution or that investors have a quadratic utility function.
It is known that the distribution of the returns exhibits fatter tails than the Gaussian distribution (see, e.g., Mandelbrot, 1963; Turner and Weigel, 1992) . Arditti (1967) , Kraus and Litzenberger (1976) and Harvey and Siddique (2000) suggest that the investor's utility function is not quadratic, since investors have preference for positive skewness. In fact, there are several studies suggesting gains if, instead of considering just the first two moments of the returns' distribution, higher moments are also included in the portfolio management problem (Chunhachinda et al., 1997; Mencia and Sentana, 2009; Harvey et al., 2010) .
With the aim of improving the performance of the classical mean-variance model, several modifications or alternative strategies have been proposed. One well-known modification consists in imposing a cardinality constraint (a constraint that limits the number of stocks in the portfolio) to the classical mean-variance model, leading to the cardinality constrained meanvariance model. This model can be seen as a mixed-integer quadratic problem and is no longer solved in polynomial time. In the literature, several algorithms have been proposed to solve this cardinality constrained portfolio management problem.
This paper focus on the analysis of the cardinality impact on the portfolio performance, in the mean-variance (hereafter MV), the mean-variance-skewness (MVS) and the mean-varianceskewness-kurtosis (MVSK) frameworks. Therefore, the analysis is conducted not only on the impact of the cardinality constraint in each framework but also on the benefits of considering higher moments in portfolio management. In this study we assume that the investor maximizes her expected utility, characterized by constant relative risk aversion preferences (CRRA). This is a common assumption in the related literature (see, e.g., Aït-Sahalia and Brandt, 2001) . The main reason why we have adopted this particular utility function is the same one that is stated by Brandt et al. (2009), p. 3421 : "the advantage of CRRA utility is that it incorporates preferences toward higher moments in a parsimonious manner. In addition, the utility function is twice continuously differentiable, which allows us to use more efficient numerical optimization algorithms that make use of the analytic gradient and Hessian of the objective function". Nevertheless, we point out that the presented procedures are quite flexible, and may be applied to any other type of utility function. For each framework, we propose a bi-objective model that allows the investor to directly analyse the efficient tradeoff between expected utility and cardinality. Given the non-smoothness of the cardinality function and inspired in Brito and Vicente (2014) , we have decided to solve each bi-objective model using a derivative-free solver based on direct multisearch (Custódio et al., 2011) .
The contribution of this paper is twofold. First, this study extends the analysis of the cardinality impact on the portfolio performance from the standard MV framework to the MVS and MVSK frameworks. Second, we analyse the performance gains (in terms of certainty equivalent and Sharpe ratio) when considering higher moments (skewness and kurtosis) at different cardinality levels. The certainty equivalent, being a measure that takes into account the expected utility, is therefore a more suitable performance measure than the Sharpe ratio when comparing the three frameworks. Although one needs to be careful when using the Sharpe ratio as a performance measure, especially in the MVS and MVSK frameworks (the ratio does not account for skewness or kurtosis), this is one of the most widely used performance measures in the literature, even in non mean-variance settings (see, e.g., DeMiguel et al., 2009) . Although the Sharpe ratio is intrinsically related to the MV framework, it is interesting to see how the MVS and MVSK frameworks perform in this dimension in comparison with the MV framework (even if the existence of performance gains, in terms of Sharpe ratio, of the MVS and MVSK frameworks against the MV framework should be hard to get).
The empirical analysis is conducted on a dataset from the Portuguese Stock Index (PSI20 index). The daily data is collected from Thomson Reuters Datastream ® . First, we compute the expected utility/cardinality efficient frontiers for each one of the three frameworks and analyse the in-sample cardinality impact using as performance measures the certainty equivalent and the Sharpe ratio. Second, we perform an out-of-sample analysis using the certainty equivalent, the Sharpe ratio, the turnover and the Sharpe ratio of returns net of transaction costs. The results for each efficient expected utility/cardinality portfolio in each of the three frameworks are reported.
The in-sample results show that both the certainty equivalent and the Sharpe ratio increase with the cardinality level and suggest that there are no gains, in terms of certainty equivalent, when considering higher moments. When transaction costs are not considered, the out-of-sample results on the certainty equivalent and Sharpe ratio do not show a clear trend with cardinality. However, the turnover increases up to a certain level of cardinality and then decreases. This result leads to another interesting result that the out-of-sample net Sharpe ratio -that is, the Sharpe ratio net of transaction costs -decreases up to a certain cardinality level, then increases and afterwards behaves more erratically for larger values of the cardinality. So, for an important range of cardinality levels, diversification has a positive effect when transaction costs are taken into account.
The out-of-sample certainty equivalent and the Sharpe ratio suggest that there are gains, for certain cardinality levels, when considering skewness and kurtosis (although these differences were not statistically significant). In the case of the net Sharpe ratio and when considering skewness, there statistical significant gains for certain cardinality levels.
Finally, as a kind of robustness check, we present some results for the out-of-sample certainty equivalent, Sharpe ratio, turnover and the net Sharpe ratio of a large dataset from the EUROSTOXX50 index. The observed results are consistent with those for the PSI20 index. However, since in this dataset we have a larger number of stocks, we are able to build portfolios with a larger cardinality. We notice that, for larger levels of cardinality, the turnover and the net Sharpe ratio no longer show a clear trend. After an initial increase in turnover, and the subsequent decrease, the turnover increases again and tends to behave more erratically. Similarly, after an initial decrease in the net Sharpe ratio, and the subsequent increase, the net Sharpe ratio decreases again and tends to behave more erratically. This indicates that the best level of cardinality should be a concern for investors wanting to diversify their portfolios, and that we cannot assume that a larger cardinality is always better.
The remainder of the paper proceeds as follows. We present a brief literature review in Section 2. In Section 3 we describe our approach and the proposed models. The empirical application is presented in Section 4. We conclude in Section 5.
State of the Art
At least since the works of Mandelbrot (1963) and Fama (1965) , it is well documented that one of the stylized facts of financial series is that the distribution of the returns exhibits fat tails. This fact was explored in major papers associated to ARCH type (e.g., Engle, 1982; Bollerslev, 1986; Nelson, 1991; Zakoian, 1994; Tavares et al., 2008) and stochastic volatility models (e.g., Taylor, 1986; Bai et al., 2003) . Several studies have analysed this stylized fact for the specific case of the Portuguese Stock Index (PSI20 index), (see, e.g., Curto et al., 2003; Rege et al., 2013) . In portfolio management, the use of just the first two moments of the returns distribution should be questioned once we know that investors have preference for positive skewness (Arditti, 1967, give us an analytical proof of this fact) and dislike high kurtosis (see, e.g., Maringer and Parpas, 2009) . In fact, the sufficient conditions for using just the first two moments are the normal distribution of returns and a quadratic utility function of the investors. But both of these conditions are rarely verified, which suggests that the classical mean-variance analysis, proposed by Markowitz (1952) , may not be the most suitable approach for portfolio management. Hence it seems that there may be real gains in portfolio management when higher moments are considered. There are several studies incorporating higher moments in portfolio management (Chunhachinda et al., 1997; Athayde and Flôres, 2004; Maringer and Parpas, 2009; Mencia and Sentana, 2009; Harvey et al., 2010) , however, its usefulness has not been clearly proven. For example, Cremers et al. (2005) showed empirically that for an investor with log or power preferences there are no significant differences between the mean-variance model and the other models with higher moments.
Cardinality is a well-known measure of portfolio diversification. When cardinality increases, the total risk of a portfolio decreases gradually, until a certain level of risk is achieved. After that level, increases in cardinality only produce negligible reductions in the risk level (see, e.g., Evans and Archer, 1968; Statman, 1987; Benartzi and Thaler, 2001 ). Therefore, the cardinality impact on portfolio performance is a very important issue for both individual and institutional investors.
The starting point for the cardinality issue in portfolio management has been the classical MV model, with the inclusion of a cardinality constraint. This model can be seen as a mixedinteger quadratic problem that is no longer solved in polynomial time, therefore most studies have focused on providing efficient algorithms to solve this problem. These algorithms vary from exact algorithms (Bienstock, 1996; Vielma et al., 2008; Bertsimas and Shioda, 2009 ) to heuristics (Chang et al., 2000; Fieldsend et al., 2004; Cesarone et al., 2009; Anagnostopoulos and Mamanis, 2011; Woodside-Oriakhi et al., 2011; Brito and Vicente, 2014) . With the aim of promoting regularization of ill conditioning, DeMiguel et al. (2009) constrained the Markowitz classical model by imposing a bound on the l 1 -norm of the vector of portfolio weights, among other possibilities. Since the l 1 -norm is the exact convex relaxation of the l 0 -norm (cardinality), DeMiguel et al. (2009) indirectly studied the effect of cardinality in the classical MV framework. A similar idea was explored in Brodie et al. (2009) .
In this paper we extend the study of the cardinality impact from the standard MV framework to the MVS and MVSK frameworks. For each framework, based on the investor's expected utility maximization criterion, we propose a bi-objective model that allows the investor to directly analyse the efficient tradeoff between expected utility and cardinality. Given the lack of derivatives of the cardinality function, and inspired by Brito and Vicente (2014) , we apply a directional derivative-free algorithm (Custódio et al., 2011) to obtain the solution of the bi-objective optimization problems.
Methodology
Suppose that an investor has a certain wealth, W , to invest in a set of N stocks. Let u(·) be the investor's utility function. Assuming that the investor has CRRA (constant relative risk aversion) preferences, her utility function is given by
where r p,t+1 is the portfolio return at time t + 1 and γ is the relative risk aversion coefficient (higher values of γ imply more risk aversion). Considering the fourth order Taylor expansion of the expected utility, E t [u (r p,t+1 )], around the expected return of the portfolio, E t (r p,t+1 ), we have
where
are the portfolio variance, skewness and kurtosis, respectively. Since it is assumed that the investor has CRRA preferences (with γ > 1), we have
Now, for the sake of notation simplicity, let us consider that
Then Equation (2) can be rewritten as
The Expected Utility/Cardinality Bi-objective Model
We assume that the investor wants to choose a portfolio taking into account two criteria: an expected utility that considers several moments of the portfolio return and the cardinality of the portfolio. The problem of maximizing the expected utility can be stated as the choice of the portfolio weights, w i , that maximize the conditional expected utility of the portfolio's return, r p,t+1 ,
where e is the N × 1 vector of ones, and L i and U i represent, respectively, lower and upper bounds on the weights.
Adding to Problem (4) a constraint that limits the number of active positions on the portfolio (a cardinality constraint), we have
where card(w) = |{i ∈ {1, ..., N } : w i ̸ = 0}| and K ∈ {1, . . . , N }. Despite card(x) being often called, in the literature, the l 0 -norm, it is not a norm due to the fact that it doesn't satisfy the homogeneity property.
Here we suggest that cardinality should be included as a second objective in the problem, instead of a constraint. Thus, we reformulate Problem (5) as
The solution of Problem (6) is given by a Pareto front, i.e., as an efficient expected utility/cardinality frontier. Efficient expected utility/cardinality portfolios can be seen as those which have the maximum expected utility among all that have at most a certain level of cardinality. The investor can thus directly analyse the efficient tradeoff between expected utility and cardinality. The bi-objective Problem (6) has two objective functions, a linear constraint and 2N inequality constraints. The first objective, E t [u (r p,t+1 )], is nonlinear but smooth. However, the second objective, card(w), is a piecewise linear discontinuous function, and consequently it is nonlinear and non-smooth. Since derivative-free algorithms are applicable to black-box type functions (see Conn et al., 2009 , for a survey on derivative-free optimization), they are suitable to deal with the cardinality objective function. According with Custódio et al. (2011) , direct multisearch has the best performance among all derivative-free solvers for multiobjective optimization. We have thus decided to solve Problem (6) using the DMS solver (version 0.3) 1 .
Taking into account Problem (6), we suggest to analyse separately the impact of cardinality on the portfolio performance for three different frameworks (see Section 3.2): when the investor, with CRRA preferences, has MV, MVS and MVSK expected utilities.
The MV, MVS and MVSK Expected Utility/Cardinality Efficient Frontiers
If the investor with CRRA preferences (see Equation (1)) considers the second order Taylor expansion of the expected utility, E t [u (r p,t+1 )], around the expected return of the portfolio, E t (r p,t+1 ), the second member of Equation (3) is truncated at the second term. Hence, in order to investigate the cardinality impact, the following model can be solved when the investor has a MV expected utility
By solving Problem (7), we identify a MV expected utility/cardinality efficient frontier. A portfolio in this frontier is such that there exists no other feasible one which simultaneously presents a higher expected MV utility and a lower cardinality. Given such an efficient frontier and a cardinality target, an investor may directly find the answers to what is the optimal (highest) expected utility level that can be attained while meeting the cardinality target and what are the portfolios leading to such an expected utility level. The investor can thus directly examine the efficient tradeoff between the MV expected utility and cardinality.
If the investor, besides the mean and variance, also considers the third moment (the second member of Equation (3) is truncated at the third term), the following model can be solved
By solving Problem (8), we identify a MVS expected utility/cardinality efficient frontier. The investor can thus directly analyse the efficient tradeoff between the MVS expected utility and cardinality.
When the investor considers all the moments present in Equation (3), the model to be solved is given by
By solving Problem (9), we identify a MVSK expected utility/cardinality efficient frontier. The investor can thus directly analyse the efficient tradeoff between the MVSK expected utility and cardinality.
Empirical performance
We tested the proposed methodology in one dataset based on the composition of the Portuguese Stock Index (PSI20 index). We collected daily data from Thomson Reuters Datastream ® , for the time window from July 2007 to June 2014 (seven years). We chose 20 stocks of companies that belonged to the PSI20 index at least once and that were traded during all this time (some stocks changed designation, but all stocks were quoted during the entire period under analysis). The composition of this dataset is given in Table 1 . Based on the daily closing prices, p i,t , we computed the discrete daily returns,
where N is the number of stocks (N = 20) and T is the number of observations (T = 1827). Some descriptive statistics of the returns, for the overall sample period, are reported in Table 2 . This table reports some descriptive statistics for the PSI20 dataset (the composition of the dataset is reported in Table 1 ). These statistics are averaged cross-sectionally, i. e., they are computed for each stock and then the arithmetic mean is taken.
During the period under scrutiny the discrete daily returns of the PSI20 stocks presented, on average, a negative but near zero mean, positive skewness and about five times above normal kurtosis.
We present the efficient expected utility/cardinality portfolios, with the expected utility based on the MV, MVS and MVSK frameworks, in Section 4.1. In Section 4.2, based on a rolling-sample approach, we analyse the out-of-sample performance of these efficient portfolios.
Both in-sample and out-of-sample analysis were conducted assuming that the investor has CRRA preferences and a parameter of relative risk aversion equal to five (this is a common assumption, see, e.g., Brandt et al., 2009 ).
In-sample performance
We solved Problem (7), Problem (8) and Problem (9) for the general non-boundary case (i.e., L i = −∞ and U i = +∞) using the DMS solver (version 0.3) 2 . Other choices for the boundaries could be made; for instance, if short selling is undesirable then L i ≥ 0 and consequently U i ≤ 1. We have decided to allow for short selling in order to make the models as general as possible and to avoid the possibility of getting Pareto frontiers with few feasible cardinality levels. Note that the greater the restriction on the portfolio weights, the more likely it is to obtain Pareto frontiers without all the feasible cardinality levels (these "missing points" correspond to strictly dominated points) 3 . Allowing for short selling in each model does not make them less realistic, since most markets around the world allow short positions and, particularly, the Portuguese Securities Market Commission (CMVM) allows to perform short selling in each one of the constituents of the PSI20 index.
In the in-sample analysis we used the overall sample period, from July 2007 to June 2014 (seven years). The efficient expected utility/cardinality frontiers 4 , for the MV, MVS and MVSK frameworks, are plotted in Figure 1 . Direct multisearch aims to approximate the true Pareto frontier. Theoretically it is only possible to prove that there is a limit point in a stationary form of the Pareto frontier, as no aggregation or scalarization technique is incorporated (see Custódio et al., 2011 , for further details). However, some empirical applications have shown that this method has a very good performance, even when applied to problems with discontinuous and non-convex Pareto frontiers ( Custódio et al., 2011) . In our application, we can observe that direct multisearch was effective, in the sense that it allowed us to obtain frontiers for the three frameworks, and we have all the reasons to believe that they are good approximations to the true Pareto frontiers. From the analysis of these frontiers the investor can thus directly analyse the efficient tradeoff (in each framework) and choose (according to some pre-established criteria), in the expected utility/cardinality space, the portfolio that best fits her preferences.
2 Following Chang et al. (2000) and Jobst et al. (2010) , in practice the true cardinality is approximated by introducing a tolerance ε = 1%, such that card(w) = ∑ N i=1 1 1 {|w i |>ε} , where 1 1 represents the indicator function. 3 Theoretically the solutions of Problem (7), Problem (8) and Problem (9) can be a single point that strictly dominates all the others.
4 Note that, with the 1% threshold for the cardinality computation, the maximum cardinality level that led to non-dominated solutions was 16. Table 3 reports the certainty equivalent return for the MV, MVS and MVSK frameworks. The certainty equivalent return, CE, is defined as
whereμ denotes the portfolio mean and EU (.) represents the expected utility defined in Equation (3). The certainty equivalent can be interpreted as the risk-free rate that an investor is willing to accept in order to give up a particular risky investment. Tables 4, 5 and 6 report some descriptive statistics (the in-sample mean,μ, standard deviation,σ, skewness,ξ, kurtosis,κ, expected utility,Û , and Sharpe ratio,Ŝ) for the MV, MVS and MVSK frameworks, respectively. These tables also report the ratio between the in-sample Sharpe ratio of each efficient portfolio and the in-sample Sharpe ratio of the efficient portfolio with cardinality 16,Ŝ/Ŝ 16 (corresponding to the portfolio with the maximum cardinality level). This ratio can be seen as a measure of the impact of portfolio diversification on the Sharpe ratio. Given the time series of daily returns, for each portfolio, the Sharpe ratio is defined as the sample mean of excess returns (over the risk-free asset 5 ),μ, divided by its sample standard deviation,σ:Ŝ =μ σ . One interesting result is that, in each of the three frameworks, the in-sample certainty equivalent and Sharpe ratio increases gradually with cardinality, until the maximum cardinality level of 16 is achieved. Moreover, we computed the bootstrap p-values for the statistical significance of the difference between the in-sample Sharpe ratio of the efficient portfolio with cardinality 16 and each other efficient portfolio. These p-values were computed according the Ledoit and Wolf (2008) robust methodology. For the MV framework these bootstrap p-values show that only the portfolios with cardinality 1, 2 and 3, consistently offer a Sharpe ratio significantly lower than the Sharpe ratio of the portfolio with cardinality 16. For the MVS and MVSK frameworks, this happens only for the portfolios with cardinality 1 and 2. This seems to suggest that, for this dataset, most of the diversification gains occur at cardinalities of 3 or 4.
In these tables, it may seem puzzling that there is not a clear decreasing trend of the standard deviation of portfolio returns with the increase of cardinality. However, we must point out that we are, in fact, maximizing the expected utility for each level of cardinality. Therefore, with a marginal increase in the cardinality level, we may choose a completely different set of stocks (and associated weights) for which the benefits resulting from other moments of the return distribution (expected return and, when applicable, skewness and/or kurtosis) more than offset a possible increase in the standard deviation.
Results reported in Tables 3, 4 , 5 and 6 point out that there are no significant differences between the three frameworks in terms of in-sample certainty equivalent and Sharpe ratio. For example, in each of the three frameworks the maximum certainty equivalent return is achieved at the maximum cardinality level and the values of CE are quite similar (0.11956%, 0.11989% and 0.11760%, respectively). Also the maximum in-sample Sharpe ratio is found, in each of the three frameworks, at the maximum feasible cardinality level and with similar values forŜ (11.06%, 11.05% and 11.02%, respectively). These results suggest that, in-sample, the consideration of higher moments does not produce relevant gains (in terms of certainty equivalent) for an investor with CRRA preferences (γ = 5).
Out-of-sample performance
The out-of-sample analysis relies on a rolling-sample approach, with an estimation window of 1565 days. The initial estimation window begins in July 2007 and ends in June 2013. There are 261 evaluation periods (days) until June 2014. In Table 7 it is reported the out-of-sample certainty equivalent return (computed according Equation (10)), CE, for each one of the three frameworks. Tables 8, 9 and 10 report some out-of-sample statistics (the out-of-sample mean,μ, standard deviation,σ, skewness,ξ, kurtosis,κ, expected utility,Û , and Sharpe ratio,Ŝ) for the MV, MVS and MVSK frameworks, respectively. When the numerator of the Sharpe ratio (Ŝ) is negative, it should be refined in order to achieve a correct rank of the portfolios. The most widely used methodology to refine the Sharpe ratio is the Israelsen (2005) methodology:
where abs(.) is the absolute value function. Note that the refined Sharpe ratio (Ŝ ref ) is equal to the Sharpe ratio (Ŝ) when the numerator is non-negative; in this case, Equation (11) is equivalent to Equation (12). The out-of-sample certainty equivalent does not exhibit a clear trend with cardinality. In the MV framework, the best out-of-sample certainty equivalent is achieved for the portfolio with cardinality equal to 2 (-0.02165%). The bootstrap p-values (computed according the classical methodology of Efron and Tibshirani, 1994) for the difference between the out-of-sample certainty equivalent of the efficient MV portfolio with cardinality 2 and the out-of-sample certainty equivalent of the MVS and MVSK portfolios with the same cardinality level (equal to 2) are both equal to 0.000. However, in the MVS and MVSK frameworks, the best out-of-sample certainty equivalent return is achieved for the portfolios with cardinality equal to 1 (-0.01337% and -0.02635%, respectively for each framework). The bootstrap p-values for the difference between the out-of-sample certainty equivalent of the efficient MV portfolio with cardinality 1 and the out-of-sample certainty equivalent of the MVS and MVSK portfolios with the same cardinality level (equal to 1) are both equal to 0.000. These results suggest gains in considering skewness and kurtosis, for some cardinality levels. As we can see in Table 7 , both the efficient MVS and the efficient MVSK portfolios outperform the efficient MV portfolios for eight cardinality levels (cardinality equal to 1, 3, 6, 8, 9, 12, 13 and 15) .
From the analysis of the refined Sharpe ratios, we conclude that the best out-of-sample performance is achieved by portfolios with cardinality 14, for the MV and MVSK frameworks, and 15, for the MVS framework. For these cardinalities, the best portfolio is either the one obtained within the MVSK framework (for cardinality 14) or the one obtained within the MVS framework (for cardinality 15). However, we cannot reach strong conclusions regarding whether or not there are gains in considering higher moments, since the bootstrap p-values indicate that the performance of these portfolios is never significantly better than the one of the portfolios obtained within the MV framework. Tables 8 to 10 also report, for each of the three frameworks, the ratio,Ŝ/Ŝ 16 , between the out-of-sample Sharpe ratio of each efficient portfolio and the out-of-sample Sharpe ratio of the efficient portfolio corresponding to the maximum cardinality of 16. Based on these ratios, we computed (according to the methodology of Ledoit and Wolf 2008 ) the bootstrap p-values for the statistical significance of the difference between the out-of-sample Sharpe ratio of the efficient portfolio with cardinality 16 and each other efficient portfolio. Except for the difference between the out-of-sample Sharpe ratio of the MV portfolio with cardinality 8 and the MV portfolio with cardinality 16 (where the first is lower than the second), none of these differences were significant. This means that, for the three frameworks and except to the previous referred case, none of the efficient expected utility/cardinality portfolios presents a Sharpe ratio significantly higher or significantly lower than the Sharpe ratio of the efficient portfolio with cardinality 16. Table 11 reports the bootstrap p-values of the difference between the out-of-sample Sharpe ratio of each pair of frameworks (MV vs MVS, MV vs MVSK, and MVS vs MVSK) for the same cardinality level. The efficient MVS portfolios outperform the MV portfolios, in terms of Sharpe ratio, for nine cardinality levels (1, 3, 4, 6, 8, 9, 12, 13 and 15) . Also for nine cardinality levels (1, 3, 6, 8, 9, 12, 13, 14, 15) , the efficient MVSK portfolios outperform the MV portfolios. In total, for 75% of the cardinality levels (12 in 16), the efficient MV portfolios are outperformed either by the corresponding efficient MVS portfolios or by the corresponding efficient MVSK portfolios (although none of the differences are statistically significant at the 5% significance level). This suggests that, for those cardinality levels, there may be small gains in considering higher moments (skewness and kurtosis). Given the time series of daily out-of-sample returns, for each efficient portfolio considered, we computed the portfolio turnover, defined as the average, over all time periods, of the absolute changes in weights (corresponding to trades) across the N available stocks:
where w i,t+1 is the portfolio weight after rebalancing at time t + 1 and w h i,t is the portfolio weight before rebalancing at time t + 1. Thus, w h i,t , is computed as
where r i,t is the return at time t of the stock i and r p,t is the return at time t of the portfolio. The results are reported in Table 12 . In all the three frameworks, the turnover begins by increasing up to a certain cardinality level (around 8 or 9, which corresponds to about 50% of the maximum cardinality level). This is somehow expected, since the increase in the number of stocks should increase the transaction costs. However, after reaching that cardinality level, we observe, in all the three frameworks, the non-intuitive fact that the turnover decreases when the cardinality increases. The explanation for this result is that the small fluctuations of the portfolio weights compensate the increment of the number of stocks in the portfolio. Thus, in this case, from the cardinality level of about 8 (around 50% of the maximum cardinality), increasing the cardinality of a portfolio allows the investor to reduce transaction costs. This table lists the portfolio turnover of the efficient expected utility/cardinality portfolios. MV refers to the efficient MV expected utility/cardinality portfolios, MVS refers to the efficient MVS expected utility/cardinality portfolios and MVSK refers to the efficient MVSK expected utility/cardinality portfolios.
In order to assess the impact of transaction costs in the performance of the different strategies, we computed the out-of-sample Sharpe ratio of returns net of transaction costs, defined aŝ
whereμ tc =μ − tc is the out-of-sample time series of the mean of the returns (μ) deducted by transaction costs (tc) andσ tc is the standard deviation of the out-of-sample returns after transaction costs. We used proportional transaction costs defined as 6
The refined Sharpe ratios after transaction costs for the efficient portfolios are reported in Table 13. The inclusion of transaction costs may lead to completely different results (see, e.g., Brito and Vicente, 2014; DeMiguel et al., 2014; DeMiguel and Olivares-Nadal, 2015) . Not taking into account the transaction costs in the out-of-sample analysis may result in the misleading conclusion that diversification is not an important issue in portfolio management. For example, Brodie et al. (2009) have implemented a specific algorithm in order to construct sparse portfolios (portfolios with low cardinality) in the classical mean-variance setting. Their empirical out-of-sample results, for two sets of portfolios constructed by Fama and French (FF48 and FF100) , indicate that sparse portfolios outperform (in terms of Sharpe ratio) the equally weighted portfolio, suggesting that diversification does not produce positive results out-of-sample (for the FF48 dataset, the Sharpe ratio even exhibits a decreasing trend with cardinality). However, the authors do not account for transaction costs, limiting the real applicability of their findings.
The results that we obtained for the net Sharpe ratios highlight that in the three frameworks, the pattern of the net Sharpe ratios is inversely related with the turnover pattern, i.e., the net Sharpe ratios decrease to a certain level of cardinality (around 8 or 9) and then increases with the cardinality level. For all frameworks, the portfolio with the minimum cardinality of 1 is the portfolio with the highest refined Sharpe ratio after transaction costs. This is in agreement with previous studies suggesting that sparse portfolios tend to exhibit a good performance (see, e.g., Brodie et al., 2009) . However, the results that we obtain go further and suggest that for sufficiently large levels of cardinality, there are gains with diversification. In Table 14 we report the bootstrap p-values of the difference between the Sharpe ratio after transaction costs for each pair of frameworks (MV vs MVS, MV vs MVSK, and MVS vs MVSK) given a specific cardinality level. From the comparison between the MV and the MVS portfolios we found that the MVS portfolios outperform the MV portfolios (the differences being statistically significant) for nine cardinality levels (1, 2, 4, 6, 7, 8, 13, 14 and 15) . Looking to the MV and the MVSK portfolios, we found that the MVSK portfolios outperform the MV portfolios only for two cardinality levels (2 and 4), but the differences are not statistically significant. Summarizing, the MV portfolios underperform at least one of the efficient portfolios from the two other frameworks for 9 of 16 cardinality levels. This indicates that when transaction costs are taken into account, there are gains (in terms of Sharpe ratio) in considering the skewness, for certain cardinality levels. MV refers to the efficient MV expected utility/cardinality portfolios, MVS refers to the efficient MVS expected utility/cardinality portfolios, and MVSK refers to the efficient MVSK expected utility/cardinality portfolios. The bootstrap p-values were computed according the Ledoit and Wolf (2008) methodology. The framework with the highest Sharpe ratio is indicated in parenthesis.
The cardinality becomes even a more important issue in datasets with a larger number of stocks. In order to provide an indication of whether certain patterns found in the results discussed above (for the PSI20 index) remain valid in larger datasets, we decided to present some results for a dataset from the EUROSTOXX50 index (see Table 15 ). Similarly to the PSI20 dataset, the daily discrete returns of the EUROSTOXX50 dataset (see Table 16 ), presented, on average, negative but near zero mean, positive skewness and above normal kurtosis. This table reports some descriptive statistics for the EUROSTOXX50 dataset (the composition of the dataset is reported in Table 15 ). These statistics are averaged cross-sectionally, i.e., they are computed for each stock and then the arithmetic mean is taken.
We applied, to the EUROSTOXX50 dataset, exactly the same rolling-sample approach described in the beginning of this Section. -4.2453 -3.9664 -3.9836 37 -3.7742 -3.9499 -3.9635 38 -3.9052 -3.9963 -4.0322 39 -3.7590 -3.9894 -4.0615 40 -3.9687 -3.9451 -3.9964 This table lists the out-of-sample certainty equivalent return ( CE) of the efficient expected utility/cardinality portfolios. MV refers to the efficient MV expected utility/cardinality portfolios, MVS refers to the efficient MVS expected utility/cardinality portfolios and MVSK refers to the efficient MVSK expected utility/cardinality portfolios. All the certainty equivalent values are multiplied by a factor of 1000.
From the results in Table 17 we can see that, similarly to what occurred with PSI20 dataset, the certainty equivalent does not show a clear trend with increasing cardinality, and the best certainty equivalent values always occur at a low cardinality level (cardinality 2 for all frameworks). Table 18 also reports, for each cardinality level, which framework shows the highest Sharpe ratio. For most cardinality levels, either the MVS or the MVSK efficient portfolios outperform the efficient MV portfolios, but such differences are never statistically significant.
The results for the out-of-sample certainty equivalent and Sharpe ratio, both suggest gains, for certain cardinality levels, in considering higher moments. These results are in accordance with the results obtained for the PSI20 dataset. Similarly to what occurred with the PSI20 dataset, the turnover exhibits a non-linear pattern (see Table 19 ). In all the frameworks we observe that the turnover begins by increasing up to a certain cardinality level (17 in the EUROSTOXX50 dataset case, which corresponds to 42.5% of the maximum cardinality level), then decreases. However, starting from the cardinality level equal to 24 we observe, again, an increase in the turnover. Then, for high cardinality levels, the trend ceases to be clear. Regarding the net Sharpe ratio (see Table 20 ), as for the PSI20 dataset, we observe that sparse portfolios tend to exhibit the best performance: in all the three frameworks the efficient portfolios corresponding to the cardinality level equal 2 are the portfolios with the highest refined net Sharpe ratio. Finally, we notice that, for the EUROSTOXX50 dataset, the MV efficient portfolios outperform the MVS and the MVSK efficient portfolios for most cardinalities. This table reports the refined Sharpe ratios of returns net of transaction costs for each efficient expected utility/cardinality portfolio. MV refers to the efficient MV expected utility/cardinality portfolios, MVS refers to the efficient MVS expected utility/cardinality portfolios and MVSK refers to the efficient MVSK expected utility/cardinality portfolios. The refined net Sharpe ratios were computed according the Israelsen (2005) methodology.
Conclusions
This paper extends the analysis of the cardinality impact in the portfolio performance from the standard mean-variance framework to frameworks with higher moments, namely by considering the skewness and kurtosis. We propose a bi-objective model that allows the direct analysis of the efficient tradeoff between expected utility and cardinality. This analysis was conducted assuming an investor with CRRA preferences (with a relative risk aversion parameter of five) and within mean-variance, mean-variance-skewness and mean-variance-skewness-kurtosis frameworks. Although we have assumed a specific form for the investor's utility, the proposed methodology may easily be applied to any other utility type function. We have conducted an empirical application of the proposed methodology to a dataset based on the Portuguese Stock Index (PSI20 index). We also used a dataset based on the EUROSTOXX50 index in order to check the robustness of those results. The results showed that both the in-sample certainty equivalent and the in-sample Sharpe ratio increase with cardinality. The empirical analysis also suggests that there are no performance gains in-sample (in terms of certainty equivalent) when higher moments are considered. On the other hand, the out-of-sample certain equivalent and the out-of-sample Sharpe ratio show no clear trend with increasing cardinality, when transaction costs are ignored.
The portfolio turnover presents a non-linear trend, increasing up to a certain cardinality level, and then decreasing. In the case of the EUROSTOXX50, it afterwards increases again, and shows an unclear trend for larger cardinality levels. This implies that diversification is an important issue in portfolio management when transaction costs are considered, and therefore when another degree of reality is brought into the analysis.
Finally, the out-of-sample comparison of different frameworks allows the conclusion that, in some cases, the inclusion of higher moments in the portfolio management framework may lead to some significant gains in terms of certainty equivalent and Sharpe ratio. However, this result seems to be quite sensitive to the dataset and to the cardinality level.
In this study we assumed that the investor has CRRA preferences with a relative risk aversion of five. In future research we are also interested in studying the sensitivity of these results to different choices of the relative risk aversion level and also to different utility type functions (e.g. HARA utility).
